
The Monod-Wyman-Changeux model of allostery



Allostery connects molecules with different structures

An enzyme is allosteric if its activity is modified through the binding of a regulator to 
a site on the enzyme that is not the enzyme's functional site.

The downstream molecule regulated by the active state of the receptor can have a 
completely different structure to the ligand.

ligand

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
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R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have
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dt
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T1 R1

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

active inactive



a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

active inactive

An allosteric enzyme that binds a single regulator has a hyperbolic 
response

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)

3

C
h
em
ic
al
ra
te
eq
u
at
io
n
s
ar
e
u
su
al
ly
w
ri
tt
en
in
te
rm
s
of
co
n
ce
nt
ra
ti
on
s,
w
h
ic
h
ar
e
m
ea
su
re
d

in
m
ol
ar
u
n
it
s
(n
u
m
b
er
of
m
ol
es
of
a
su
b
st
an
ce
p
er
li
tr
e)
.
L
et
[C
]d
en
ot
e
th
e
m
ol
ar
co
n
ce
nt
ra
ti
on

of
C
,
th
en

[C
]
=

n
C

n
A
V

(4
)

w
h
er
e
n
A

'
6.
02
⇥
10
23

is
A
vo
ga
d
ro
’s
nu
m
b
er
an
d
V

is
th
e
vo
lu
m
e
of
th
e
ce
ll
in
li
tr
es
.
T
o

co
nv
er
t
E
q.
3
in
to
an
eq
u
at
io
n
fo
r
th
e
ra
te
of
ch
an
ge
of
th
e
co
n
ce
nt
ra
ti
on
of
C
,
w
e
m
u
st
d
iv
id
e

E
q.
3
by
n
A
V
.
T
h
is
d
iv
is
io
n
gi
ve
s

d
[C
]

d
t

=
˜f
n
A
V
[A
][
B
]�
˜b[
C
]

(5
)

w
h
er
e
[A
]
is
th
e
co
n
ce
nt
ra
ti
on
of
A

an
d
[B
]
is
th
e
co
n
ce
nt
ra
ti
on
of
B
.
If
w
e
d
efi
n
e
m
ac
ro
sc
op
ic

re
ac
ti
on
s
ra
te
s,
fo
r
re
ac
ti
on
s
in
vo
lv
in
g
co
n
ce
nt
ra
ti
on
s,
as

f
=
˜f
n
A
V

b
=
˜b

(6
)

th
en

d
[C
]

d
t

=
f
[A
][
B
]�
b
[C
].

(7
)

T
h
e
u
n
it
s
of
th
e
m
ac
ro
sc
op
e
ra
te
f

ar
e
M
�
1

s �
1

,
an
d
f

h
as
an
u
p
p
er
b
ou
n
d
gi
ve
n
by
a
re
ac
ti
on

th
at
is
d
i↵
u
si
on
-l
im
it
ed
.
T
h
e
u
n
it
s
of
th
e
m
ac
ro
sc
op
ic
ra
te
b
ar
e
u
n
ch
an
ge
d
an
d
ar
e
s �
1

.

1
.1
.1

E
x
a
m
p
le
:
d
im
er
iz
a
ti
o
n

M
an
y
m
em
b
ra
n
e
re
ce
p
to
rs
re
ve
rs
ib
ly
d
im
er
iz
e
to
fo
rm
a
re
ce
p
to
r-
re
ce
p
to
r
d
im
er
,
an
d
so
m
et
im
es

on
ly
th
e
d
im
er
ca
n
b
in
d
li
ga
n
d
an
d
si
gn
al
d
ow
n
st
re
am
.
T
h
e
d
im
er
iz
at
io
n
re
ac
ti
on
is
u
nu
su
al
.

L
et
R

d
en
ot
e
a
re
ce
p
to
r
an
d
R
2
d
en
ot
e
a
d
im
er
of
re
ce
p
to
rs
.
T
h
es
e
sp
ec
ie
s
sa
ti
sf
y
th
e
re
ac
ti
on

R
+
R

f�*)�b

R
2

T
h
e
ra
te
eq
u
at
io
n
s
fo
r
th
is
sy
st
em
ar
e
at
yp
ic
al
b
ec
au
se
tw
o
m
ol
ec
u
le
s
of
R

ar
e
re
m
ov
ed

by
th
e
f

re
ac
ti
on
an
d
tw
o
m
ol
ec
u
le
s
ar
e
re
le
as
ed
by
th
e
b
re
ac
ti
on
.
A
lt
h
ou
gh
th
e
as
so
ci
at
io
n

re
ac
ti
on
p
ro
ce
ed
s
at
th
e
ra
te
f
[R
] 2
an
d
th
e
d
is
so
ci
at
io
n
re
ac
ti
on
p
ro
ce
ed
s
at
th
e
ra
te
b
[R
2
],
w
e

h
av
e

d
[R
]

d
t

=
�
2f
[R
] 2
+
2b
[R
2
]

(8
)

b
ec
au
se
tw
o
R

m
ol
ec
u
le
s
ar
e
in
vo
lv
ed
in
b
ot
h
re
ac
ti
on
s.
T
h
e
d
im
er
,
R
2
,
ob
ey
s

d
[R
2
]

d
t

=
f
[R
] 2
�
b
[R
2
]

(9
)

b
ec
au
se
on
ly
on
e
m
ol
ec
u
le
of
d
im
er
fo
rm
s
or
d
is
so
ci
at
es
.
S
u
m
m
in
g
E
q.
8
an
d
tw
ic
e
E
q.
9
gi
ve
s

d
[R
]

d
t

+
2

d
[R
2
]

d
t

=
0

(1
0)

im
p
ly
in
g
th
at

[R
]+
2[
R
2
]
=
co
n
st
an
t
=
[R
]0
+
2[
R
2
]0

(1
1)

3

C
h
em

ic
al

ra
te

eq
u
at

io
n
s

ar
e

u
su

al
ly

w
ri

tt
en

in
te

rm
s

of
co

n
ce

nt
ra

ti
on

s,
w

h
ic

h
ar

e
m

ea
su

re
d

in
m

ol
ar

u
n
it

s
(n

u
m

b
er

of
m

ol
es

of
a

su
b
st

an
ce

p
er

li
tr

e)
.

L
et

[C
]d

en
ot

e
th

e
m

ol
ar

co
n
ce

nt
ra

ti
on

of
C

,
th

en

[C
]
=

n
C

n
A
V

(4
)

w
h
er

e
n

A
'

6.
02

⇥
10

23
is

A
vo

ga
d
ro

’s
nu

m
b
er

an
d

V
is

th
e

vo
lu

m
e

of
th

e
ce

ll
in

li
tr

es
.

T
o

co
nv

er
t

E
q.

3
in

to
an

eq
u
at

io
n

fo
r

th
e

ra
te

of
ch

an
ge

of
th

e
co

n
ce

nt
ra

ti
on

of
C

,
w

e
m

u
st

d
iv

id
e

E
q.

3
by

n
A
V

.
T

h
is

d
iv

is
io

n
gi

ve
s

d
[C

]

d
t

=
f̃
n

A
V

[A
][
B

]�
b̃
[C

]
(5

)

w
h
er

e
[A

]
is

th
e

co
n
ce

nt
ra

ti
on

of
A

an
d

[B
]
is

th
e

co
n
ce

nt
ra

ti
on

of
B

.
If

w
e

d
efi

n
e

m
ac

ro
sc

op
ic

re
ac

ti
on

s
ra

te
s,

fo
r

re
ac

ti
on

s
in

vo
lv

in
g

co
n
ce

nt
ra

ti
on

s,
as

f
=

f̃
n

A
V

b
=

b̃
(6

)

th
en

d
[C

]

d
t

=
f
[A

][
B

]�
b
[C

].
(7

)

T
h
e

u
n
it

s
of

th
e

m
ac

ro
sc

op
e

ra
te

f
ar

e
M

�
1

s�
1
,
an

d
f

h
as

an
u
p
p
er

b
ou

n
d

gi
ve

n
by

a
re

ac
ti
on

th
at

is
d
i↵

u
si

on
-l
im

it
ed

.
T

h
e

u
n
it

s
of

th
e

m
ac

ro
sc

op
ic

ra
te

b
ar

e
u
n
ch

an
ge

d
an

d
ar

e
s�

1
.

1
.1

.1
E
x
a
m

p
le

:
d
im

er
iz

a
ti
o
n

M
an

y
m

em
b
ra

n
e

re
ce

p
to

rs
re

ve
rs

ib
ly

d
im

er
iz

e
to

fo
rm

a
re

ce
p
to

r-
re

ce
p
to

r
d
im

er
,
an

d
so

m
et

im
es

on
ly

th
e

d
im

er
ca

n
b
in

d
li
ga

n
d

an
d

si
gn

al
d
ow

n
st

re
am

.
T

h
e

d
im

er
iz

at
io

n
re

ac
ti

on
is

u
nu

su
al

.
L
et

R
d
en

ot
e

a
re

ce
p
to

r
an

d
R

2
d
en

ot
e

a
d
im

er
of

re
ce

p
to

rs
.

T
h
es

e
sp

ec
ie

s
sa

ti
sf

y
th

e
re

ac
ti

on

R
+

R
f �* )� b

R
2

T
h
e

ra
te

eq
u
at

io
n
s

fo
r

th
is

sy
st

em
ar

e
at

yp
ic

al
b
ec

au
se

tw
o

m
ol

ec
u
le

s
of

R
ar

e
re

m
ov

ed
by

th
e

f
re

ac
ti

on
an

d
tw

o
m

ol
ec

u
le

s
ar

e
re

le
as

ed
by

th
e

b
re

ac
ti

on
.

A
lt

h
ou

gh
th

e
as

so
ci

at
io

n
re

ac
ti

on
p
ro

ce
ed

s
at

th
e

ra
te

f
[R

]2
an

d
th

e
d
is

so
ci

at
io

n
re

ac
ti

on
p
ro

ce
ed

s
at

th
e

ra
te

b
[R

2
],

w
e

h
av

e
d
[R

]

d
t

=
�

2f
[R

]2
+

2b
[R

2
]

(8
)

b
ec

au
se

tw
o

R
m

ol
ec

u
le

s
ar

e
in

vo
lv

ed
in

b
ot

h
re

ac
ti

on
s.

T
h
e

d
im

er
,
R

2
,
ob

ey
s

d
[R

2
]

d
t

=
f
[R

]2
�

b
[R

2
]

(9
)

b
ec

au
se

on
ly

on
e

m
ol

ec
u
le

of
d
im

er
fo

rm
s

or
d
is

so
ci

at
es

.
S
u
m

m
in

g
E

q.
8

an
d

tw
ic

e
E

q.
9

gi
ve

s

d
[R

]

d
t

+
2
d
[R

2
]

d
t

=
0

(1
0)

im
p
ly

in
g

th
at

[R
]+

2[
R

2
]
=

co
n
st

an
t

=
[R

] 0
+

2[
R

2
] 0

(1
1)

3

L

2KT 2KR

T R

T1 R1

C
h
em
ic
al
ra
te
eq
u
at
io
n
s
ar
e
u
su
al
ly
w
ri
tt
en
in
te
rm
s
of
co
n
ce
nt
ra
ti
on
s,
w
h
ic
h
ar
e
m
ea
su
re
d

in
m
ol
ar
u
n
it
s
(n
u
m
b
er
of
m
ol
es
of
a
su
b
st
an
ce
p
er
li
tr
e)
.
L
et
[C
]d
en
ot
e
th
e
m
ol
ar
co
n
ce
nt
ra
ti
on

of
C
,
th
en

[C
]
=

n
C

n
A
V

(4
)

w
h
er
e
n
A

'
6.
02
⇥
10
23

is
A
vo
ga
d
ro
’s
nu
m
b
er
an
d
V

is
th
e
vo
lu
m
e
of
th
e
ce
ll
in
li
tr
es
.
T
o

co
nv
er
t
E
q.
3
in
to
an
eq
u
at
io
n
fo
r
th
e
ra
te
of
ch
an
ge
of
th
e
co
n
ce
nt
ra
ti
on
of
C
,
w
e
m
u
st
d
iv
id
e

E
q.
3
by
n
A
V
.
T
h
is
d
iv
is
io
n
gi
ve
s

d
[C
]

d
t

=
˜f
n
A
V
[A
][
B
]�
˜b[
C
]

(5
)

w
h
er
e
[A
]
is
th
e
co
n
ce
nt
ra
ti
on
of
A

an
d
[B
]
is
th
e
co
n
ce
nt
ra
ti
on
of
B
.
If
w
e
d
efi
n
e
m
ac
ro
sc
op
ic

re
ac
ti
on
s
ra
te
s,
fo
r
re
ac
ti
on
s
in
vo
lv
in
g
co
n
ce
nt
ra
ti
on
s,
as

f
=
˜f
n
A
V

b
=
˜b

(6
)

th
en

d
[C
]

d
t

=
f
[A
][
B
]�
b
[C
].

(7
)

T
h
e
u
n
it
s
of
th
e
m
ac
ro
sc
op
e
ra
te
f

ar
e
M
�
1

s �
1

,
an
d
f

h
as
an
u
p
p
er
b
ou
n
d
gi
ve
n
by
a
re
ac
ti
on

th
at
is
d
i↵
u
si
on
-l
im
it
ed
.
T
h
e
u
n
it
s
of
th
e
m
ac
ro
sc
op
ic
ra
te
b
ar
e
u
n
ch
an
ge
d
an
d
ar
e
s �
1

.

1
.1
.1

E
x
a
m
p
le
:
d
im
er
iz
a
ti
o
n

M
an
y
m
em
b
ra
n
e
re
ce
p
to
rs
re
ve
rs
ib
ly
d
im
er
iz
e
to
fo
rm
a
re
ce
p
to
r-
re
ce
p
to
r
d
im
er
,
an
d
so
m
et
im
es

on
ly
th
e
d
im
er
ca
n
b
in
d
li
ga
n
d
an
d
si
gn
al
d
ow
n
st
re
am
.
T
h
e
d
im
er
iz
at
io
n
re
ac
ti
on
is
u
nu
su
al
.

L
et
R

d
en
ot
e
a
re
ce
p
to
r
an
d
R
2
d
en
ot
e
a
d
im
er
of
re
ce
p
to
rs
.
T
h
es
e
sp
ec
ie
s
sa
ti
sf
y
th
e
re
ac
ti
on

R
+
R

f�*)�b

R
2

T
h
e
ra
te
eq
u
at
io
n
s
fo
r
th
is
sy
st
em
ar
e
at
yp
ic
al
b
ec
au
se
tw
o
m
ol
ec
u
le
s
of
R

ar
e
re
m
ov
ed

by
th
e
f

re
ac
ti
on
an
d
tw
o
m
ol
ec
u
le
s
ar
e
re
le
as
ed
by
th
e
b
re
ac
ti
on
.
A
lt
h
ou
gh
th
e
as
so
ci
at
io
n

re
ac
ti
on
p
ro
ce
ed
s
at
th
e
ra
te
f
[R
] 2
an
d
th
e
d
is
so
ci
at
io
n
re
ac
ti
on
p
ro
ce
ed
s
at
th
e
ra
te
b
[R
2
],
w
e

h
av
e

d
[R
]

d
t

=
�
2f
[R
] 2
+
2b
[R
2
]

(8
)

b
ec
au
se
tw
o
R

m
ol
ec
u
le
s
ar
e
in
vo
lv
ed
in
b
ot
h
re
ac
ti
on
s.
T
h
e
d
im
er
,
R
2
,
ob
ey
s

d
[R
2
]

d
t

=
f
[R
] 2
�
b
[R
2
]

(9
)

b
ec
au
se
on
ly
on
e
m
ol
ec
u
le
of
d
im
er
fo
rm
s
or
d
is
so
ci
at
es
.
S
u
m
m
in
g
E
q.
8
an
d
tw
ic
e
E
q.
9
gi
ve
s

d
[R
]

d
t

+
2

d
[R
2
]

d
t

=
0

(1
0)

im
p
ly
in
g
th
at

[R
]+
2[
R
2
]
=
co
n
st
an
t
=
[R
]0
+
2[
R
2
]0

(1
1)

3

C
h
em

ic
al

ra
te

eq
u
at

io
n
s

ar
e

u
su

al
ly

w
ri

tt
en

in
te

rm
s

of
co

n
ce

nt
ra

ti
on

s,
w

h
ic

h
ar

e
m

ea
su

re
d

in
m

ol
ar

u
n
it

s
(n

u
m

b
er

of
m

ol
es

of
a

su
b
st

an
ce

p
er

li
tr

e)
.

L
et

[C
]d

en
ot

e
th

e
m

ol
ar

co
n
ce

nt
ra

ti
on

of
C

,
th

en

[C
]
=

n
C

n
A
V

(4
)

w
h
er

e
n

A
'

6.
02

⇥
10

23
is

A
vo

ga
d
ro

’s
nu

m
b
er

an
d

V
is

th
e

vo
lu

m
e

of
th

e
ce

ll
in

li
tr

es
.

T
o

co
nv

er
t

E
q.

3
in

to
an

eq
u
at

io
n

fo
r

th
e

ra
te

of
ch

an
ge

of
th

e
co

n
ce

nt
ra

ti
on

of
C

,
w

e
m

u
st

d
iv

id
e

E
q.

3
by

n
A
V

.
T

h
is

d
iv

is
io

n
gi

ve
s

d
[C

]

d
t

=
f̃
n

A
V

[A
][
B

]�
b̃
[C

]
(5

)

w
h
er

e
[A

]
is

th
e

co
n
ce

nt
ra

ti
on

of
A

an
d

[B
]
is

th
e

co
n
ce

nt
ra

ti
on

of
B

.
If

w
e

d
efi

n
e

m
ac

ro
sc

op
ic

re
ac

ti
on

s
ra

te
s,

fo
r

re
ac

ti
on

s
in

vo
lv

in
g

co
n
ce

nt
ra

ti
on

s,
as

f
=

f̃
n

A
V

b
=

b̃
(6

)

th
en

d
[C

]

d
t

=
f
[A

][
B

]�
b
[C

].
(7

)

T
h
e

u
n
it

s
of

th
e

m
ac

ro
sc

op
e

ra
te

f
ar

e
M

�
1

s�
1
,
an

d
f

h
as

an
u
p
p
er

b
ou

n
d

gi
ve

n
by

a
re

ac
ti
on

th
at

is
d
i↵

u
si

on
-l
im

it
ed

.
T

h
e

u
n
it

s
of

th
e

m
ac

ro
sc

op
ic

ra
te

b
ar

e
u
n
ch

an
ge

d
an

d
ar

e
s�

1
.

1
.1

.1
E
x
a
m

p
le

:
d
im

er
iz

a
ti
o
n

M
an

y
m

em
b
ra

n
e

re
ce

p
to

rs
re

ve
rs

ib
ly

d
im

er
iz

e
to

fo
rm

a
re

ce
p
to

r-
re

ce
p
to

r
d
im

er
,
an

d
so

m
et

im
es

on
ly

th
e

d
im

er
ca

n
b
in

d
li
ga

n
d

an
d

si
gn

al
d
ow

n
st

re
am

.
T

h
e

d
im

er
iz

at
io

n
re

ac
ti

on
is

u
nu

su
al

.
L
et

R
d
en

ot
e

a
re

ce
p
to

r
an

d
R

2
d
en

ot
e

a
d
im

er
of

re
ce

p
to

rs
.

T
h
es

e
sp

ec
ie

s
sa

ti
sf

y
th

e
re

ac
ti

on

R
+

R
f �* )� b

R
2

T
h
e

ra
te

eq
u
at

io
n
s

fo
r

th
is

sy
st

em
ar

e
at

yp
ic

al
b
ec

au
se

tw
o

m
ol

ec
u
le

s
of

R
ar

e
re

m
ov

ed
by

th
e

f
re

ac
ti

on
an

d
tw

o
m

ol
ec

u
le

s
ar

e
re

le
as

ed
by

th
e

b
re

ac
ti

on
.

A
lt

h
ou

gh
th

e
as

so
ci

at
io

n
re

ac
ti

on
p
ro

ce
ed

s
at

th
e

ra
te

f
[R

]2
an

d
th

e
d
is

so
ci

at
io

n
re

ac
ti

on
p
ro

ce
ed

s
at

th
e

ra
te

b
[R

2
],

w
e

h
av

e
d
[R

]

d
t

=
�

2f
[R

]2
+

2b
[R

2
]

(8
)

b
ec

au
se

tw
o

R
m

ol
ec

u
le

s
ar

e
in

vo
lv

ed
in

b
ot

h
re

ac
ti

on
s.

T
h
e

d
im

er
,
R

2
,
ob

ey
s

d
[R

2
]

d
t

=
f
[R

]2
�

b
[R

2
]

(9
)

b
ec

au
se

on
ly

on
e

m
ol

ec
u
le

of
d
im

er
fo

rm
s

or
d
is

so
ci

at
es

.
S
u
m

m
in

g
E

q.
8

an
d

tw
ic

e
E

q.
9

gi
ve

s

d
[R

]

d
t

+
2
d
[R

2
]

d
t

=
0

(1
0)

im
p
ly

in
g

th
at

[R
]+

2[
R

2
]
=

co
n
st

an
t

=
[R

] 0
+

2[
R

2
] 0

(1
1)

3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at
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In terms of chemical equations

with

L =
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a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at
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An allosteric enzyme that binds a single regulator has a hyperbolic 
response

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory
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k3
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k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at

13

a molecule binding at a regulatory site cause an allosteric enzyme to change conformation at
its active site and so alter enzymatic activity. Allostery is one way to generate ultrasensitive
responses.

For example, a membrane receptor can become activated when bound by ligand. Biochem-
ically, the receptor has two conformational states: an active and an inactive state. The active
state can signal downstream; the inactivate state cannot. The binding of a ligand ‘activates’ the
receptor by binding only to the active state and so stabilizing the receptor in this state. In the
active state, the receptor may bind another signalling molecule on its cytoplasmic side and this
molecule need have no structural relation to the ligand, which binds extracellularly to a di↵erent
binding site on the receptor.

A celebrated model of allostery is the concerted model of Monod, Wyman, and Changeux [4].
In this model, an enzyme has two conformations – arbitrarily called a tense state (denoted T )
and a relaxed state (denoted R) – and spontaneously changes between these conformations. In
the tense state, we will consider the enzyme to be ‘on’ and to have high activity; in the relaxed
state, it is ‘o↵’ with low activity. In principle, any molecule that has a higher binding energy
for the T state relative to the R state can activate the enzyme.

6 Negative feedback and response times 24
6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26

7 Negative feedback and oscillations 27
7.1 Circadian rhythms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7.1.1 Competitive inhibition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
7.1.2 Dimerization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
7.1.3 The Tyson et al. model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

7.2 Relaxation oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
7.3 Oscillations through both positive and negative feedback . . . . . . . . . . . . . 32

1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

Let a regulatory molecule be X (shown as a red triangle), then in the absence of X, we can
describe the spontaneous conformation changes as

T
L�*)� R

where L is the equilibrium constant: L = [R]/[T ]. The binding reactions are second-order:

X + T
KT��*)�� T1

and
X + R

KR��*)�� R1

with KT and KR being association constants (KT [X][T ] = [T1] at equilibrium) and with KT >

KR so that X activates the enzyme (the T state is the ‘on’ state).
If there is only one binding site for X on the enzyme and assuming each reaction is at
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The fraction of activated enzymes is

L =
[R]

[T ]
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equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

approximately 
hyperbolic



equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

We will assume that an allosteric enzyme that binds more than one 
regulator is symmetric

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

There are two identical binding sites for X on the enzyme, and fT is the association 
rate for binding to one site in the T state:

the association rate 
is twice fT  because 
there are two 
binding sites

the rate of 
dissociation is bT  

because there is 
only one X that can 
dissociate



Understanding the factor of two

Consider the binding sites explicitly 

because there is only one way that X can dissociate from T1. The overall association constant
is therefore 2fT /bT = 2KT .

We can understand this factor of two by considering explicitly the two binding sites for X

on the enzyme. Let T0,0 denote an enzyme in the tense state with no bound X molecules and
T1,0 denote a tense enzyme with an X bound to the first site and T0,1 denote a tense enzyme
with an X bound to the second site, then the reactions are

X + T0,0

fT��*)��
bT

T1,0

and

X + T0,0

fT��*)��
bT

T0,1

We can write down the di↵erential equation for X, which will have four terms because of the
four reactions:

d[X]

dt
= �fT [X][T0,0] � fT [X][T0,0] + bT [T1,0] + bT [T0,1]

= �2fT [X][T0,0] + bT [T1,0] + bT [T0,1]
(2.45)

If we define [T1] = [T1,0] + [T0,1] to be the concentration of the enzyme when one molecule of X

is bound irrespective of which site on the enzyme has bound X, then Eq 2.45 becomes

d[X]

dt
= �2fT [X][T0,0] + bT [T1] (2.46)

which is the di↵erential equation that describes the reaction

X + T
2fT��*)��
bT

T1

with T written as T0,0. The forward reaction rate increases by a factor 2 because we ignore the
particular site to which X has bound and there are two possible sites on the enzyme where X

can bind.
For the binding of a second X, we have

X + T1
fT�! T2

because there is only one binding site for X available on T1. The dissociation of an X from T2

can, however, occur in two ways depending on which X dissociates and whether either T0,1 or
T1,0 forms, and so

T2
2bT��! X + T1

The overall association constant is consequently fT /(2bT ) = KT /2.
Similar reactions hold for the binding of X to the R-state.
The fraction of activated enzyme can now be a sigmoidal function of the concentration of the

regulatory molecule. Assuming equilibrium and so detailed balance for all reactions, the fraction
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equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory
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k2
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k-2
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

Consider the binding of the second regulator

The overall association constant is

the association rate 
is fT  because there is 
one free binding site

the rate of 
dissociation is 2bT  

because there are 
two X molecules 
that can dissociate

because there is only one way that X can dissociate from T1. The overall association constant
is therefore 2fT /bT = 2KT .

We can understand this factor of two by considering explicitly the two binding sites for X

on the enzyme. Let T0,0 denote an enzyme in the tense state with no bound X molecules and
T1,0 denote a tense enzyme with an X bound to the first site and T0,1 denote a tense enzyme
with an X bound to the second site, then the reactions are

X + T0,0

fT��*)��
bT

T1,0

and

X + T0,0

fT��*)��
bT

T0,1

We can write down the di↵erential equation for X, which will have four terms because of the
four reactions:

d[X]

dt
= �fT [X][T0,0] � fT [X][T0,0] + bT [T1,0] + bT [T0,1]

= �2fT [X][T0,0] + bT [T1,0] + bT [T0,1]
(2.45)

If we define [T1] = [T1,0] + [T0,1] to be the concentration of the enzyme when one molecule of X

is bound irrespective of which site on the enzyme has bound X, then Eq 2.45 becomes

d[X]

dt
= �2fT [X][T0,0] + bT [T1] (2.46)

which is the di↵erential equation that describes the reaction

X + T
2fT��*)��
bT

T1

with T written as T0,0. The forward reaction rate increases by a factor 2 because we ignore the
particular site to which X has bound and there are two possible sites on the enzyme where X

can bind.
For the binding of a second X, we have

X + T1
fT�! T2

because there is only one binding site for X available on T1. The dissociation of an X from T2

can, however, occur in two ways depending on which X dissociates and whether either T0,1 or
T1,0 forms, and so

T2
2bT��! X + T1

The overall association constant is consequently fT /(2bT ) = KT /2.
Similar reactions hold for the binding of X to the R-state.
The fraction of activated enzyme can now be a sigmoidal function of the concentration of the

regulatory molecule. Assuming equilibrium and so detailed balance for all reactions, the fraction

15
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An allosteric enzyme that binds more than one regulator has a 
sigmoidal response

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

of activated enzymes is

fon =
[T ] + [T1] + [T2]

[T ] + [T1] + [T2] + [R] + [R1] + [R2]

=
[T ] + 2KT [X][T ] + 1

2KT [X]2KT [X][T ]

[T ] + 2KT [X][T ] + 1
2KT [X]2KT [X][T ] + L[T ] + 2KR[X]L[T ] + 1

2KR[X]2KR[X]L[T ]

=
1 + 2KT [X] + K

2
T [X]2

1 + 2KT [X] + K2
T [X]2 + L(1 + 2KR[X] + K2

R[X]2)

=
(1 + KT [X])2

(1 + KT [X])2 + L(1 + KR[X])2

(2.47)
which is a sigmoidal function of [X] with a maximum Hill number of 2.

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.48)

and the sharpness of the switch increases with a maximum Hill number of n (Fig. 2).

Limits of the Monod-Wyman-Changeux equation: We can build intuition about Eq 2.48
by considering various limits.

Eq 2.48 always includes basal levels of activation. If there are no input molecules present

fon([X] = 0) =
1

1 + L
(2.49)

and there is basal activation unless L � 1 (remember that [R] = L[T ]), which implies that
molecules are only rarely in the active, tense state in the absence of input.

Full activation is only possible if the input strongly prefers binding to the tense state over
binding to the relaxed state. If we add excess input molecules so that both KT [X] � 1 and
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because there is only one way that X can dissociate from T1. The overall association constant
is therefore 2fT /bT = 2KT .

We can understand this factor of two by considering explicitly the two binding sites for X

on the enzyme. Let T0,0 denote an enzyme in the tense state with no bound X molecules and
T1,0 denote a tense enzyme with an X bound to the first site and T0,1 denote a tense enzyme
with an X bound to the second site, then the reactions are

X + T0,0

fT��*)��
bT

T1,0

and

X + T0,0

fT��*)��
bT

T0,1

We can write down the di↵erential equation for X, which will have four terms because of the
four reactions:

d[X]

dt
= �fT [X][T0,0] � fT [X][T0,0] + bT [T1,0] + bT [T0,1]

= �2fT [X][T0,0] + bT [T1,0] + bT [T0,1]
(2.46)

If we define [T1] = [T1,0] + [T0,1] to be the concentration of the enzyme when one molecule of X

is bound irrespective of which site on the enzyme has bound X, then Eq 2.46 becomes

d[X]

dt
= �2fT [X][T0,0] + bT [T1] (2.47)

which is the di↵erential equation that describes the reaction

X + T
2fT��*)��
bT

T1

with T written as T0,0. The forward reaction rate increases by a factor 2 because we ignore the
particular site to which X has bound and there are two possible sites on the enzyme where X

can bind.
For the binding of a second X, we have

X + T1
fT�! T2

because there is only one binding site for X available on T1. The dissociation of an X from T2

can, however, occur in two ways depending on which X dissociates and whether either T0,1 or
T1,0 forms, and so

T2
2bT��! X + T1

The overall association constant is consequently fT /(2bT ) = KT /2.
Similar reactions hold for the binding of X to the R-state.
The fraction of activated enzyme can now be a sigmoidal function of the concentration of

the regulatory molecule. Assuming equilibrium and so detailed balance for all reactions:

L = [R]
[T ] ; [T1] = 2KT [T ][X] ; [T2] = KT

2 [T1][X] ; [R1] = 2KR[R][X] ; [R2] = KR
2 [R1][X].

(2.48)
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The more regulators bind, the steeper the response

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

of activated enzymes is
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[T ] + [T1] + [T2] + [R] + [R1] + [R2]

=
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2
T [X]2

1 + 2KT [X] + K2
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=
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(1 + KT [X])2 + L(1 + KR[X])2

(2.47)
which is a sigmoidal function of [X] with a maximum Hill number of 2.

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.48)

and the sharpness of the switch increases with a maximum Hill number of n (Fig. 2).

Limits of the Monod-Wyman-Changeux equation: We can build intuition about Eq 2.48
by considering various limits.

Eq 2.48 always includes basal levels of activation. If there are no input molecules present

fon([X] = 0) =
1

1 + L
(2.49)

and there is basal activation unless L � 1 (remember that [R] = L[T ]), which implies that
molecules are only rarely in the active, tense state in the absence of input.

Full activation is only possible if the input strongly prefers binding to the tense state over
binding to the relaxed state. If we add excess input molecules so that both KT [X] � 1 and
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An increases in [X] causes a sharp change in fon  when [X] is near [X50] 
because all reactions involving X shift their equilibrium.

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

At X= [X50] when fon = 0.5, the total concentration 
of tense molecules equals the total concentration 
of relaxed molecules

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

Then the fraction of activated enzymes is

fon =
[T ] + [T1] + [T2]

[T ] + [T1] + [T2] + [R] + [R1] + [R2]

=
[T ] + 2KT [X][T ] + 1

2KT [X]2KT [X][T ]

[T ] + 2KT [X][T ] + 1
2KT [X]2KT [X][T ] + L[T ] + 2KR[X]L[T ] + 1

2KR[X]2KR[X]L[T ]

=
1 + 2KT [X] + K

2
T [X]2

1 + 2KT [X] + K2
T [X]2 + L(1 + 2KR[X] + K2

R[X]2)

=
(1 + KT [X])2

(1 + KT [X])2 + L(1 + KR[X])2

(2.54)
which is a sigmoidal function of [X] with a maximum Hill number of 2.

2.9.3 Allosteric molecules with n binding sites for regulators

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.55)

and the sharpness of the switch increases, with a maximum Hill number of n (Fig. 2). If [X50]
is the concentration of X that makes fon half maximal, so that fon = 1

2 , then Eq. 2.55 implies

L (1 + KR [X50])
n = (1 + KT [X50])

n
. (2.56)

Multiplying by [T ] and using [R] = L[T ], we have that

[R] (1 + KR [X50])
n = [T ] (1 + KT [X50])

n (2.57)

showing that the total concentrations of relaxed and tense allosteric molecules are equal at
[X] = [X50], as expected.
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The rate at which fon changes with [X] is

All reactions involving binding to the tense state contribute a term proportional 
to + n KT.  
All reactions involving binding to the relaxed state contribute a term proportional 
to  - n KR.

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

2.9.3 Allosteric molecules with n binding sites for regulators

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.65)

and the sharpness of the switch increases, with a maximum Hill number of n (Fig. 2). If [X50]
is the concentration of X that makes fon half maximal, so that fon = 1

2 , then Eq. 2.65 implies

L (1 + KR [X50])
n = (1 + KT [X50])

n
. (2.66)

Multiplying by [T ] and using [R] = L[T ], we have that

[R] (1 + KR [X50])
n = [T ] (1 + KT [X50])

n (2.67)

showing that the total concentrations of relaxed and tense allosteric molecules are equal at
[X] = [X50], as expected.

Considering the behaviour near [X] = [X50] helps build intuition on why the response be-
comes more sigmoidal for larger n. By di↵erentiating Eq. 2.65, we can show that the rate at
which fon changes with [X] is proportional to n:

@fon

@[X]

����
[X50]

=
n

4
·

KT � KR

(1 + KR [X50]) (1 + KT [X50])
. (2.68)

This gradient increases with increasing [X] if X binds preferentially to the T states, KT > KR;
the gradient decreases with increasing [X] if X binds preferentially to the R state, KT < KR.
When [X] = [X50], a small increase in the concentration of X will shift the equilibrium for
each of X’s binding reactions towards having more X bound. For an allosteric molecule with n

binding sites for X, all n reactions will shift, with those involving tense molecules increasing fon

by an amount proportional to nKT , and those involving relaxed molecules decreasing fon by an
amount proportional to nKR, giving the positive and negative terms in Eq. 2.68.

With more than one binding site for the regulatory molecule, the Monod, Wyman, and
Changeux model assumes that all the enzyme’s binding sites transition together – in a concerted
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An allosteric enzyme has a basal level of activity in the absence of its 
regulator

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

of activated enzymes is

fon =
[T ] + [T1] + [T2]

[T ] + [T1] + [T2] + [R] + [R1] + [R2]

=
[T ] + 2KT [X][T ] + 1

2KT [X]2KT [X][T ]

[T ] + 2KT [X][T ] + 1
2KT [X]2KT [X][T ] + L[T ] + 2KR[X]L[T ] + 1

2KR[X]2KR[X]L[T ]

=
1 + 2KT [X] + K

2
T [X]2

1 + 2KT [X] + K2
T [X]2 + L(1 + 2KR[X] + K2

R[X]2)

=
(1 + KT [X])2

(1 + KT [X])2 + L(1 + KR[X])2

(2.47)
which is a sigmoidal function of [X] with a maximum Hill number of 2.

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.48)

and the sharpness of the switch increases with a maximum Hill number of n (Fig. 2).

Limits of the Monod-Wyman-Changeux equation: We can build intuition about Eq 2.48
by considering various limits.

Eq 2.48 always includes basal levels of activation. If there are no input molecules present

fon([X] = 0) =
1

1 + L
(2.49)

and there is basal activation unless L � 1 (remember that [R] = L[T ]), which implies that
molecules are only rarely in the active, tense state in the absence of input.

Full activation is only possible if the input strongly prefers binding to the tense state over
binding to the relaxed state. If we add excess input molecules so that both KT [X] � 1 and
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(2.49)
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16

When X= 0

Basal activation is lost for large L, ie [R] much bigger than [T]

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.

of activated enzymes is

fon =
[T ] + [T1] + [T2]

[T ] + [T1] + [T2] + [R] + [R1] + [R2]

=
[T ] + 2KT [X][T ] + 1

2KT [X]2KT [X][T ]

[T ] + 2KT [X][T ] + 1
2KT [X]2KT [X][T ] + L[T ] + 2KR[X]L[T ] + 1

2KR[X]2KR[X]L[T ]

=
1 + 2KT [X] + K

2
T [X]2
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which is a sigmoidal function of [X] with a maximum Hill number of 2.

For n binding sites,

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KR[X])n
(2.48)

and the sharpness of the switch increases with a maximum Hill number of n (Fig. 2).

Limits of the Monod-Wyman-Changeux equation: We can build intuition about Eq 2.48
by considering various limits.

Eq 2.48 always includes basal levels of activation. If there are no input molecules present

fon([X] = 0) =
1

1 + L
(2.49)

and there is basal activation unless L � 1 (remember that [R] = L[T ]), which implies that
molecules are only rarely in the active, tense state in the absence of input.

Full activation is only possible if the input strongly prefers binding to the tense state over
binding to the relaxed state. If we add excess input molecules so that both KT [X] � 1 and

16



An allosteric enzyme never reaches maximal activity

Figure 2: The response curve of an allosteric protein steepens with a higher number of binding sites

for ligand. Here L = 10
4
, KT = 10KR and levels of ligand, X, are shown in units of KR.
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For large X

or

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T
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KR[X] � 1, then Eq 2.48 becomes

fon(KR[X] � 1) ' K
n
T

Kn
T + LKn

R

(2.50)

or, defining the bias in binding to be c so that KT = cKR,

fon ' c
n

cn + L
(2.51)

and there is full activation if there is high bias: c
n � L.

Eq 2.48 becomes an activating Hill function for high bias and su�cient input. Writing Eq
2.48 in terms of KT and the bias c = KT /KR

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KT [X]/c)n
(2.52)

then if c � KT [X]

fon ' (1 + KT [X])n

(1 + KT [X])n + L
. (2.53)

If too KT [X] � 1, then

fon ' (KT [X])n

(KT [X])n + L

=
[X]n

L
Kn

T
+ [X]n

(2.54)

which is a Hill equation (Eq 2.39) with a Hill number equal to n, the number of binding sites
each allosteric molecule has for the input. These limits reduce the system to having essentially
two states: Tn ' (KT X)n

T and R with R = LT .
Eq 2.48 becomes an inhibiting Hill function for low bias and su�cient input. Writing Eq

2.48 in terms of KR and the bias c = KT /KR

fon =
(1 + cKR[X])n

(1 + cKR[X])n + L(1 + KR[X])n
(2.55)

then if c ⌧ 1
KR[X]

fon ' 1

1 + L(1 + KR[X])n
. (2.56)

If too KR[X] � 1, then

fon ' 1

1 + L(KR[X])n

=

1
LKn

R

1
LKn

R
+ [X]n

(2.57)

which is also a Hill function (Eq 2.40).
Allostery can therefore cause sharp switching of an enzyme between active and inactive

states at a threshold concentration of the regulatory molecule. This cooperative behaviour arises
because the first regulatory molecule is likely to bind to the conformational state of the enzyme
that favours binding and so the enzyme will spend more time in this conformation making it
easier for a second regulatory molecule to bind.
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defining X’s preference for binding as

c =
KT

KR
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With high bias and sufficient X, an allosteric enzyme’s response is an 
activating Hill function

If

and if

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T
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Hill number of n

KR[X] � 1, then Eq 2.48 becomes

fon(KR[X] � 1) ' K
n
T

Kn
T + LKn

R

(2.50)

or, defining the bias in binding to be c so that KT = cKR,

fon ' c
n

cn + L
(2.51)

and there is full activation if there is high bias: c
n � L.

Eq 2.48 becomes an activating Hill function for high bias and su�cient input. Writing Eq
2.48 in terms of KT and the bias c = KT /KR

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KT [X]/c)n
(2.52)

then if c � KT [X]

fon ' (1 + KT [X])n

(1 + KT [X])n + L
. (2.53)

If too KT [X] � 1, then

fon ' (KT [X])n

(KT [X])n + L

=
[X]n

L
Kn

T
+ [X]n

(2.54)

which is a Hill equation (Eq 2.39) with a Hill number equal to n, the number of binding sites
each allosteric molecule has for the input. These limits reduce the system to having essentially
two states: Tn ' (KT X)n

T and R with R = LT .
Eq 2.48 becomes an inhibiting Hill function for low bias and su�cient input. Writing Eq

2.48 in terms of KR and the bias c = KT /KR

fon =
(1 + cKR[X])n

(1 + cKR[X])n + L(1 + KR[X])n
(2.55)

then if c ⌧ 1
KR[X]

fon ' 1

1 + L(1 + KR[X])n
. (2.56)

If too KR[X] � 1, then

fon ' 1

1 + L(KR[X])n

=

1
LKn

R

1
LKn

R
+ [X]n

(2.57)

which is also a Hill function (Eq 2.40).
Allostery can therefore cause sharp switching of an enzyme between active and inactive

states at a threshold concentration of the regulatory molecule. This cooperative behaviour arises
because the first regulatory molecule is likely to bind to the conformational state of the enzyme
that favours binding and so the enzyme will spend more time in this conformation making it
easier for a second regulatory molecule to bind.
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Eq 2.48 becomes an activating Hill function for high bias and su�cient input. Writing Eq
2.48 in terms of KT and the bias c = KT /KR

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KT [X]/c)n
(2.52)

then if c � KT [X]

fon ' (1 + KT [X])n

(1 + KT [X])n + L
. (2.53)

If too KT [X] � 1, then

fon ' (KT [X])n

(KT [X])n + L

=
[X]n

L
Kn

T
+ [X]n

(2.54)

which is a Hill equation (Eq 2.39) with a Hill number equal to n, the number of binding sites
each allosteric molecule has for the input. These limits reduce the system to having essentially
two states: Tn ' (KT X)n

T and R with R = LT .
Eq 2.48 becomes an inhibiting Hill function for low bias and su�cient input. Writing Eq

2.48 in terms of KR and the bias c = KT /KR

fon =
(1 + cKR[X])n

(1 + cKR[X])n + L(1 + KR[X])n
(2.55)

then if c ⌧ 1
KR[X]

fon ' 1

1 + L(1 + KR[X])n
. (2.56)

If too KR[X] � 1, then

fon ' 1

1 + L(KR[X])n

=

1
LKn

R

1
LKn

R
+ [X]n

(2.57)

which is also a Hill function (Eq 2.40).
Allostery can therefore cause sharp switching of an enzyme between active and inactive

states at a threshold concentration of the regulatory molecule. This cooperative behaviour arises
because the first regulatory molecule is likely to bind to the conformational state of the enzyme
that favours binding and so the enzyme will spend more time in this conformation making it
easier for a second regulatory molecule to bind.
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With low bias and sufficient X, an allosteric enzyme’s response is an 
inhibiting Hill function

If

and if

equilibrium, then the fraction of activated enzymes is

fon =
[T ] + [T1]

[T ] + [T1] + [R] + [R1]

=
[T ] + KT [X][T ]

[T ] + KT [X][T ] + L[T ] + KR[X]L[T ]

=
1 + KT [X]

1 + KT [X] + L(1 + KR[X])

(2.44)

which is a hyperbolic function increasing with [X]. The enzymatic activity increases with X

because X biases the molecule to adopt the active conformation.
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B

molecule. For example, the A molecule could be a receptor on the cell membrane and the B

molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A

and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1

. (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV

b=b̃
(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Note that allowing a two-way reaction between T1 and X1 would not change Eq 2.44. This new
reaction would not prevent the others from reaching equilibrium, and its equilibrium constant,
L1 say, must obey L1 = KR

KT
L because then the set of reactions form a thermodynamic cycle

(Sec. 2.5).
With more than one binding site for the regulatory molecule, X, the Monod, Wyman, and

Changeux model assumes that all binding sites transition together, in a concerted manner,
between the two conformational states [4]. Every binding site is therefore always in the same
conformational state. Typically, these binding sites are on identical subunits of the molecule,
and we consider each subunit to have the same conformation. Other models of allostery relax
this concerted assumption [5].

Allostery can give sharp, switch-like conditions as the concentration of the regulatory molecule
changes. If the enzyme has two identical binding sites for X and fT is the rate of binding one
of those sites then the association reaction becomes

X + T
2fT��! T1

because there are now two choices of binding site for X. Denoting the rate of dissociation by
bT , the dissociation reaction remains

T1
bT�! X + T

14

Hill number of n

KR[X] � 1, then Eq 2.48 becomes

fon(KR[X] � 1) ' K
n
T

Kn
T + LKn

R

(2.50)

or, defining the bias in binding to be c so that KT = cKR,

fon ' c
n

cn + L
(2.51)

and there is full activation if there is high bias: c
n � L.

Eq 2.48 becomes an activating Hill function for high bias and su�cient input. Writing Eq
2.48 in terms of KT and the bias c = KT /KR

fon =
(1 + KT [X])n

(1 + KT [X])n + L(1 + KT [X]/c)n
(2.52)

then if c � KT [X]

fon ' (1 + KT [X])n

(1 + KT [X])n + L
. (2.53)

If too KT [X] � 1, then

fon ' (KT [X])n

(KT [X])n + L

=
[X]n

L
Kn

T
+ [X]n

(2.54)

which is a Hill equation (Eq 2.39) with a Hill number equal to n, the number of binding sites
each allosteric molecule has for the input. These limits reduce the system to having essentially
two states: Tn ' (KT X)n

T and R with R = LT .
Eq 2.48 becomes an inhibiting Hill function for low bias and su�cient input. Writing Eq

2.48 in terms of KR and the bias c = KT /KR

fon =
(1 + cKR[X])n

(1 + cKR[X])n + L(1 + KR[X])n
(2.55)

then if c ⌧ 1
KR[X]

fon ' 1

1 + L(1 + KR[X])n
. (2.56)

If too KR[X] � 1, then

fon ' 1

1 + L(KR[X])n

=

1
LKn

R

1
LKn

R
+ [X]n

(2.57)

which is also a Hill function (Eq 2.40).
Allostery can therefore cause sharp switching of an enzyme between active and inactive

states at a threshold concentration of the regulatory molecule. This cooperative behaviour arises
because the first regulatory molecule is likely to bind to the conformational state of the enzyme
that favours binding and so the enzyme will spend more time in this conformation making it
easier for a second regulatory molecule to bind.
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(1 + KT [X])n + L
. (2.53)

If too KT [X] � 1, then

fon ' (KT [X])n

(KT [X])n + L

=
[X]n

L
Kn

T
+ [X]n

(2.54)

which is a Hill equation (Eq 2.39) with a Hill number equal to n, the number of binding sites
each allosteric molecule has for the input. These limits reduce the system to having essentially
two states: Tn ' (KT X)n

T and R with R = LT .
Eq 2.48 becomes an inhibiting Hill function for low bias and su�cient input. Writing Eq

2.48 in terms of KR and the bias c = KT /KR

fon =
(1 + cKR[X])n

(1 + cKR[X])n + L(1 + KR[X])n
(2.55)

then if c ⌧ 1
KR[X]

fon ' 1

1 + L(1 + KR[X])n
. (2.56)

If too KR[X] � 1, then

fon ' 1

1 + L(KR[X])n

=

1
LKn

R

1
LKn

R
+ [X]n

(2.57)

which is also a Hill function (Eq 2.40).
Allostery can therefore cause sharp switching of an enzyme between active and inactive

states at a threshold concentration of the regulatory molecule. This cooperative behaviour arises
because the first regulatory molecule is likely to bind to the conformational state of the enzyme
that favours binding and so the enzyme will spend more time in this conformation making it
easier for a second regulatory molecule to bind.
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We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives
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+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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with

2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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and so

To allow the activated receptors to activate a downstream signalling protein, A say, we include
another binary reaction:

[R⇤] + [A]
k

��! [R⇤] + [A⇤]

Here [R⇤] appears on both sides of the chemical equation because R
⇤ is not consumed by the

reaction, but catalyses the conversion of A to its activated form A
⇤.

The corresponding di↵erential equations are

d[S]

dt
= �f [R][S] + b[R⇤]

d[R]

dt
= �f [R][S] + b[R⇤]

d[R⇤]

dt
= f [R][S] � b[R⇤]

d[A]

dt
= �k[A][R⇤]

d[A⇤]

dt
= k[A][R⇤]

(2.35)

but our main focus of interest is the production of A
⇤ because A

⇤ signals to the interior of the
cell that molecules of S are present exterior to the cell.

We will therefore assume that the binding of S to R is at equilibrium so that

f [R][S] ' b[R⇤]. (2.36)

The number of receptor molecules is conserved because d[R]/dt + d[R⇤]/dt = 0: receptors are
neither created nor destroyed but only change state from inactivated to activated and vice versa.
Writing R0 for the total concentration of receptors so that

R0 = [R] + [R⇤], (2.37)

then, using Eq. 2.36, we can show that

[R⇤] '
[S]R0
b
f + [S]

. (2.38)

The di↵erential equation for [A⇤], the output of the signalling system, then becomes

d[A⇤]

dt
'

k[S]R0
b
f + [S]

[A] (2.39)

or
d[A⇤]

dt
'

k[S]R0
b
f + [S]

(A0 � [A⇤]) (2.40)

because the number of A molecules is conserved, with a total concentration of say A0, because
A also only changes state.

Eq. 2.40 is our model of the signalling pathway. If either [S] = 0 or f = 0, no A
⇤ is produced.

If [S] � b/f , the rate of production of A
⇤ saturates because all the receptors are bound by S.

There is no reverse reaction that converts A
⇤ back into A, and so all the A molecules eventually

become activated: [A⇤] �! A0.

10
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We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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2.9 Modelling signal transduction III

We can use an allosteric model to describe activation of the receptors in Fig. 1. Consider

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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RR*

R1R*1

L

KK*

S

then the fraction of activated receptors is

f
⇤ =

1 + K
⇤[S]

1 + K⇤[S] + L(1 + K[S])
(2.58)

from Eq 2.44. The concentration of active receptors is [R⇤] = f
⇤
R0, and so Eq 2.43 becomes

d[A⇤]

dt
' kR0(1 + K

⇤[S])

1 + K⇤[S] + L(1 + K[S])
(A0 � [A⇤]). (2.59)

When [S] = 0, then Eq 2.59 simplifies

d[A⇤]

dt
' kR0

1 + L
(A0 � [A⇤]) (2.60)

and there is a basal rate of activation even in the absence of ligand. This basal rate goes to
zero as L � 1 because then receptors almost never spontaneously enter the activated state. If
K

⇤[S] � 1 so that almost all the active receptors are in the R
⇤
1 state and not in the R

⇤ state
then

d[A⇤]

dt
' kR0K

⇤[S]

L + (K⇤ + KL)[S]
(A0 � [A⇤]) (2.61)

and we recover Eq 2.24.

2.10 Enzyme kinetics

Almost all studies of enzymes start with the framework introduced by Michaelis and Menten,
which although approximate is a general description. An enzymatic reaction is considered to
occur in two steps: first, the enzyme binds the substrate to form an enzyme-substrate complex;
second, catalysis occurs and this complex dissociates to form the product and release the enzyme:

E + S
f�*)�
b

C
k�! P + E

For example, E may be a kinase in a signalling network that phosphorylates a substrate S to
form P (phosphorylated S).
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with most active receptors in R1*, we 
recover the non-allosteric equation

The number of receptor molecules is conserved because d[R]/dt + d[R⇤]/dt = 0: receptors are
neither created nor destroyed but only change state from inactivated to activated and vice versa.
Writing R0 for the total concentration of receptors so that

R0 = [R] + [R⇤], (2.21)

then, using Eq. 2.20, we can show that

[R⇤] ' [S]R0
b
f + [S]

. (2.22)

The di↵erential equation for [A⇤], the output of the signalling system, then becomes

d[A⇤]

dt
' k[S]R0

b
f + [S]

[A] (2.23)

or
d[A⇤]

dt
' k[S]R0

b
f + [S]

(A0 � [A⇤]) (2.24)

because the number of A molecules is conserved (with a total concentration of A0) because A
also only changes state.

Eq. 2.24 is our model of the signalling pathway. If either [S] = 0 or f = 0, no A⇤ is produced.
If [S] � b/f , the rate of production of A⇤ saturates because all the receptors are bound by S.
There is no reverse reaction that converts A⇤ back into A, and so all the A molecules become
activated at steady-state: [A⇤] = A0.

2.3 Equilibrium and detailed balance

In the absence of any input of energy, chemical reactions reach an equilibrium where the number
of molecules of each species stay constant. All time derivatives are then zero, and the system is
said to be at a steady-state. Equilibrium is, however, a particular steady-state where detailed
balance also holds. Detailed balance means that for each chemical reaction, the forward rate of
the reaction must equal the backward rate of the reaction. When [A], [B], and [C] all become
constant,

d[A]

dt
=

d[B]

dt
=

d[C]

dt
= 0 (2.25)

and the system is at steady-state. To be at equilibrium, we need detailed balance and so that

f [A][B] = b[C] (2.26)

and the rate of association of A and B equals the rate of dissociation of C. For this system,
there is one steady-state, which is equilibrium. For more complex systems, steady-state need not
be equilibrium. For example, systems that contain irreversible reactions can reach steady-state
but can never be at equilibrium because the backward rate of a irreversible reaction is zero and
therefore cannot equal the forward rate: detailed balance does not hold.

The equilibrium dissociation constant is defined as Keq = b/f , and the system at equilibrium
then obeys

[A][B] = Keq[C]. (2.27)
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