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1 Overview

These notes are based on lectures given to M.Sc. students in the School of Biological Sciences
at the University of Edinburgh.

In Secs. 2 and 3, we start with the fundamentals of mathematical modelling, both of signal
transduction and of gene expression. These sections are necessarily the most complex mathe-
matically, but throughout we will illustrate the techniques by developing a model of a signalling
pathway (Fig. 1). We then turn to the e↵ects of positive and negative feedback. Positive feed-
back can generate bistability and is used by cells to di↵erentiate irreversibly (Sec. 4). Negative
feedback can cause oscillations and drives biological rhythms (Sec. 5).
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Figure 1: An idealized model of a eukaryotic signalling pathway: an input, ligand S, activates receptors

at the plasma membrane (activation is shown in purple), which in turn activate a cascade of kinases.

The last kinase in the cascade, C, enters the nucleus once activated and enables expression of a reporter

gene. The protein-product of this gene, G, is the system’s output.
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I will use a signalling pathway as an example throughout



Modelling biochemical reactions



There are two fundamental types of reactions

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.3)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.4)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.5)

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.6)
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The association rate is determined by two times:

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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3

Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.3)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.4)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.5)

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.6)

4

and so

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

6 Negative feedback and response times 24
6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26

7 Negative feedback and oscillations 27
7.1 Circadian rhythms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7.1.1 Competitive inhibition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
7.1.2 Dimerization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
7.1.3 The Tyson et al. model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

7.2 Relaxation oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
7.3 Oscillations through both positive and negative feedback . . . . . . . . . . . . . 32

1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.3)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.4)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.5)

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.6)

4

The dissociation rate is determined by the lifetime of a molecule of C:

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

6 Negative feedback and response times 24
6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26

7 Negative feedback and oscillations 27
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

The dissociation rate, b̃, is determined by one time – the lifetime of the molecule C:

b̃ =
log(2)

lifetime of C
. (2.3)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.4)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.5)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.6)
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Rate equations describe how number of molecules 
change with time

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)

3

Che
m
ica

l r
at
e
eq

ua
tio

ns
ar
e
us

ua
lly

writ
te
n
in

te
rm

s of
co

nc
en

tr
at
io
ns

, w
hi
ch

ar
e
m
ea

su
re
d

in
m
ol
ar

un
its

(n
um

be
r o

f m
ol
es

of
a su

bs
ta
nc

e p
er

lit
re
).

Le
t [
C
] d

en
ot
e t

he
m
ol
ar

co
nc

en
tr
at
io
n

of
C
, t

he
n

[C
] =

nC

nA
V

(4
)

whe
re

nA
'

6.
02

⇥
10
23

is
Avo

ga
dr

o’
s
nu

m
be

r
an

d
V

is
th

e
vo

lu
m
e
of

th
e
ce
ll

in
lit

re
s.

To

co
nv

er
t Eq

. 3
in
to

an
eq

ua
tio

n
fo
r th

e
ra
te

of
ch

an
ge

of
th

e
co
nc

en
tr
at
io
n
of

C
, w

e
m
us

t di
vi
de

Eq
. 3

by
nA

V
. Thi

s di
vi
sio

n
gi
ve

s
d[
C
]

dt

=
f̃n

A
V
[A

][B
]�

b̃[C
]

(5
)

whe
re

[A
] i
s th

e
co

nc
en

tr
at
io
n
of

A
an

d
[B

] i
s th

e
co

nc
en

tr
at
io
n
of

B
. If

we
de

fin
e
m
ac

ro
sc
op

ic

re
ac

tio
ns

ra
te
s,

fo
r re

ac
tio

ns
in
vo

lv
in
g
co

nc
en

tr
at
io
ns

, a
s

f
=

f̃n
A
V

b =
b̃

(6
)

th
en

d[
C
]

dt

=
f [
A][B

]�
b[C

].

(7
)

The
un

its
of

th
e m

ac
ro
sc
op

e ra
te

f
ar
e M

�1 s�
1 , a

nd
f
ha

s an
up

pe
r b

ou
nd

gi
ve

n
by

a
re
ac

tio
n

th
at

is
di
↵u

sio
n-
lim

ite
d.

The
un

its
of

th
e
m
ac

ro
sc
op

ic
ra
te

b ar
e
un

ch
an

ge
d
an

d
ar
e
s
�1 .

1.
1.
1

Ex
am

pl
e:

di
m
er
iz
at
io
n

M
an

y
m
em

br
an

e re
ce
pt

or
s r

ev
er
sib

ly
di
m
er
ize

to
fo
rm

a
re
ce
pt

or
-re

ce
pt

or
di
m
er
, a

nd
so
m
et
im

es

on
ly

th
e
di
m
er

ca
n
bi
nd

lig
an

d
an

d
sig

na
l d

ow
ns

tr
ea

m
.
The

di
m
er
iza

tio
n
re
ac

tio
n
is

un
us

ua
l.

Le
t R

de
no

te
a
re
ce
pt

or
an

d
R 2

de
no

te
a
di
m
er

of
re
ce
pt

or
s.

The
se

sp
ec
ies

sa
tis

fy
th

e
re
ac

tio
n

R
+

R

f�*)�b

R 2

The
ra
te

eq
ua

tio
ns

fo
r
th

is
sy
st
em

ar
e
at
yp

ica
l be

ca
us

e
tw

o
m
ol
ec
ul
es

of
R

ar
e
re
m
ov

ed

by
th

e
f

re
ac

tio
n

an
d

tw
o
m
ol
ec
ul
es

ar
e
re
lea

se
d

by
th

e
b
re
ac

tio
n.

Alth
ou

gh
th

e
as
so
cia

tio
n

re
ac

tio
n
pr

oc
ee
ds

at
th

e
ra
te

f [
R
]2

an
d
th

e
di
ss
oc

ia
tio

n
re
ac

tio
n
pr

oc
ee
ds

at
th

e
ra
te

b[R
2
],
we

ha
ve

d[
R
]

dt

=
�2f

[R
]2
+

2b
[R

2
]

(8
)

be
ca

us
e
tw

o
R

m
ol
ec
ul
es

ar
e
in
vo

lv
ed

in
bo

th
re
ac

tio
ns

. The
di
m
er
, R

2
, o

be
ys

d[
R 2

]

dt

=
f [
R
]2
�

b[R
2
]

(9
)

be
ca

us
e
on

ly
on

e
m
ol
ec
ul
e
of

di
m
er

fo
rm

s or
di
ss
oc

ia
te
s.

Su
m
m
in
g
Eq

. 8
an

d
tw

ice
Eq

. 9
gi
ve

s

d[
R
]

dt
+

2
d[
R 2

]

dt

=
0

(1
0)

im
pl
yi
ng

th
at

[R
] +

2[
R 2

] =
co

ns
ta
nt

=
[R

] 0
+

2[
R 2

] 0

(1
1)

3

Che
m

ica
lr

at
e

eq
ua

tio
ns

ar
e

us
ua

lly
writ

te
n

in
te

rm
sof

co
nc

en
tr

at
io

ns
,w

hi
ch

ar
e

m
ea

su
re

d

in
m

ol
ar

un
its

(n
um

be
ro

fm
ol

es
of

asu
bs

ta
nc

ep
er

lit
re

).
Le

t[
C

]d
en

ot
et

he
m

ol
ar

co
nc

en
tr

at
io

n

of
C

,t
he

n

[C
]=

nC
nA

V

(4
)

whe
re

nA
'

6.
02

⇥
1023

is
Avo

ga
dr

o’
s

nu
m

be
r

an
d

V
is

th
e

vo
lu

m
e

of
th

e
ce

ll
in

lit
re

s.
To

co
nv

er
tEq

.3
in

to
an

eq
ua

tio
n

fo
rth

e
ra

te
of

ch
an

ge
of

th
e

co
nc

en
tr

at
io

n
of

C
,w

e
m

us
tdi

vi
de

Eq
.3

by
nA

V
.Thi

sdi
vi

sio
n

gi
ve

s

d[
C

] dt
=

˜fn
AV

[A
][B

]�
b̃[C

]

(5
)

whe
re

[A
]i

sth
e

co
nc

en
tr

at
io

n
of

A
an

d
[B

]i
sth

e
co

nc
en

tr
at

io
n

of
B

.If
we

de
fin

e
m

ac
ro

sc
op

ic

re
ac

tio
ns

ra
te

s,
fo

rre
ac

tio
ns

in
vo

lv
in

g
co

nc
en

tr
at

io
ns

,a
s

f
=

˜fn
AV

b=
b̃

(6
)

th
en

d[
C

] dt
=

f[
A][B

]�
b[C

].

(7
)

The
un

its
of

th
em

ac
ro

sc
op

era
te

f
ar

eM�1
s�1

,a
nd

f
ha

san
up

pe
rb

ou
nd

gi
ve

n
by

a
re

ac
tio

n

th
at

is
di

↵u
sio

n-
lim

ite
d.

The
un

its
of

th
e

m
ac

ro
sc

op
ic

ra
te

bar
e

un
ch

an
ge

d
an

d
ar

e
s�1

.

1.
1.

1
Ex

am
pl

e:
di

m
er

iz
at

io
n

M
an

y
m

em
br

an
ere

ce
pt

or
sr

ev
er

sib
ly

di
m

er
ize

to
fo

rm
a

re
ce

pt
or

-re
ce

pt
or

di
m

er
,a

nd
so

m
et

im
es

on
ly

th
e

di
m

er
ca

n
bi

nd
lig

an
d

an
d

sig
na

ld
ow

ns
tr

ea
m

.
The

di
m

er
iza

tio
n

re
ac

tio
n

is
un

us
ua

l.

Le
tR

de
no

te
a

re
ce

pt
or

an
d

R
2

de
no

te
a

di
m

er
of

re
ce

pt
or

s.
The

se
sp

ec
ies

sa
tis

fy
th

e
re

ac
tio

n

R
+

Rf �*)�
bR

2

The
ra

te
eq

ua
tio

ns
fo

r
th

is
sy

st
em

ar
e

at
yp

ica
lbe

ca
us

e
tw

o
m

ol
ec

ul
es

of
R

ar
e

re
m

ov
ed

by
th

e
f

re
ac

tio
n

an
d

tw
o

m
ol

ec
ul

es
ar

e
re

lea
se

d
by

th
e

b
re

ac
tio

n.
Alth

ou
gh

th
e

as
so

cia
tio

n

re
ac

tio
n

pr
oc

ee
ds

at
th

e
ra

te
f[

R
]2

an
d

th
e

di
ss

oc
ia

tio
n

re
ac

tio
n

pr
oc

ee
ds

at
th

e
ra

te
b[R

2],
we

ha
ve

d[
R

] dt
=

�2f
[R

]2
+

2b
[R

2]

(8
)

be
ca

us
e

tw
o

R
m

ol
ec

ul
es

ar
e

in
vo

lv
ed

in
bo

th
re

ac
tio

ns
.The

di
m

er
,R

2,
ob

ey
s

d[
R

2] dt
=

f[
R

]2
�

b[R
2]

(9
)

be
ca

us
e

on
ly

on
e

m
ol

ec
ul

e
of

di
m

er
fo

rm
sor

di
ss

oc
ia

te
s.

Su
m

m
in

g
Eq

.8
an

d
tw

ice
Eq

.9
gi

ve
s

d[
R

] dt
+

2d[
R

2] dt
=

0

(1
0)

im
pl

yi
ng

th
at

[R
]+

2[
R

2]
=

co
ns

ta
nt

=
[R

]0
+

2[
R

2]0

(1
1)

3

Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.3)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.4)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.5)

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.6)

4

How do the numbers of molecules of, say, species C change with time?

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

6 Negative feedback and response times 24
6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26

7 Negative feedback and oscillations 27
7.1 Circadian rhythms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3
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k-1
k-2
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The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

The dissociation rate, b̃, is determined by one time – the lifetime of the molecule C:

b̃ =
log(2)

lifetime of C
. (2.3)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.4)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.5)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.6)

4

number of pairs of 
A and B associating 

in time dt

number of C 
disassociating in 

time dt

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

The dissociation rate, b̃, is determined by one time – the lifetime of the molecule C:

b̃ =
log(2)

lifetime of C
. (2.3)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.4)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.5)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.6)

4

Or

and so

2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

The dissociation rate, b̃, is determined by one time – the lifetime of the molecule C:

b̃ =
log(2)

lifetime of C
. (2.3)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.4)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.5)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.6)

4



Another example

A+ B
f̃�*)�̃
b

C

<latexit sha1_base64="/1R6WrdMb0CaFW5UNY65vQ/2l9s="></latexit>

D+ E
g̃�*)�̃
h

F

<latexit sha1_base64="CdjyMmNA12e6Zbt2b3Gr27rRyWA="></latexit>

#

<latexit sha1_base64="gp954nc25Un3dqaASnz8cMzssuU="></latexit>

k

<latexit sha1_base64="3vWpNmNvrm1bFahnKJv5/2TDD2c="></latexit>

dNC

dt
= f̃NANB � b̃NC � kNC

<latexit sha1_base64="UPCMG0GHYOznfAQRHvsS0AT6Aac="></latexit>

We now have

Each reaction that affects C has a corresponding term in the equation.  
There is one positive term for the reaction that increases NC and a negative term for 
each reaction that decreases NC.



Defining concentrations

The molar concentration of C is defined as

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26

7 Negative feedback and oscillations 27
7.1 Circadian rhythms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7.1.1 Competitive inhibition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
7.1.2 Dimerization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
7.1.3 The Tyson et al. model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

7.2 Relaxation oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
7.3 Oscillations through both positive and negative feedback . . . . . . . . . . . . . 32

1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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KT/2 KR/2

T2 R2

T + T
f����
b

T2

5

where NC is the number of molecules of C, nA is Avogado’s number, and V is the 
volume of the cell in litres.

Note that 1` = 10�3m3

<latexit sha1_base64="8ruYDHht/N79oqariowIqXExEV0="></latexit>
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The rate equation for concentrations
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2 Modelling biochemical reactions

2.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵, and the time taken for the two molecules
to react once in physical proximity, treac. We can write

time of reaction = tdi↵ + treac (2.1)

and so the association rate, which is inversely related to the time of the reaction, obeys

f̃ = (tdi↵ + treac)
�1 . (2.2)

The dissociation rate, b̃, is determined by one time – the lifetime of the molecule C:

b̃ =
log(2)

lifetime of C
. (2.3)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC (2.4)

or
NC(t + dt) � NC(t)

dt
= f̃NANB � b̃NC . (2.5)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (2.6)

4
If we divide this equation by nAV

and so using the definition of concentration

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Defining macroscopic rates

then

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction

6 Negative feedback and response times 24
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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3

Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

NA

naV
· NB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction

6 Negative feedback and response times 24
6.1 Response times are determined by protein lifetimes . . . . . . . . . . . . . . . . 24
6.2 Negative autoregulation decreases response times . . . . . . . . . . . . . . . . . 26
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.

2

Che
m
ica

l r
at
e
eq

ua
tio

ns
ar
e
us

ua
lly

writ
te
n
in

te
rm

s of
co

nc
en

tr
at
io
ns

, w
hi
ch

ar
e
m
ea

su
re
d

in
m
ol
ar

un
its

(n
um

be
r o

f m
ol
es

of
a su

bs
ta
nc

e p
er

lit
re
).

Le
t [
C
] d

en
ot
e t

he
m
ol
ar

co
nc

en
tr
at
io
n

of
C
, t

he
n

[C
] =

nC

nA
V

(4
)

whe
re

nA
'

6.
02

⇥
10
23

is
Avo

ga
dr

o’
s
nu

m
be

r
an

d
V

is
th

e
vo

lu
m
e
of

th
e
ce
ll

in
lit

re
s.

To

co
nv

er
t Eq

. 3
in
to

an
eq

ua
tio

n
fo
r th

e
ra
te

of
ch

an
ge

of
th

e
co
nc

en
tr
at
io
n
of

C
, w

e
m
us

t di
vi
de

Eq
. 3

by
nA

V
. Thi

s di
vi
sio

n
gi
ve

s
d[
C
]

dt

=
f̃n

A
V
[A

][B
]�

b̃[C
]

(5
)

whe
re

[A
] i
s th

e
co

nc
en

tr
at
io
n
of

A
an

d
[B

] i
s th

e
co

nc
en

tr
at
io
n
of

B
. If

we
de

fin
e
m
ac

ro
sc
op

ic

re
ac

tio
ns

ra
te
s,

fo
r re

ac
tio

ns
in
vo

lv
in
g
co

nc
en

tr
at
io
ns

, a
s

f
=

f̃n
A
V

b =
b̃

(6
)

th
en

d[
C
]

dt

=
f [
A][B

]�
b[C

].

(7
)

The
un

its
of

th
e m

ac
ro
sc
op

e ra
te

f
ar
e M

�1 s�
1 , a

nd
f
ha

s an
up

pe
r b

ou
nd

gi
ve

n
by

a
re
ac

tio
n

th
at

is
di
↵u

sio
n-
lim

ite
d.

The
un

its
of

th
e
m
ac

ro
sc
op

ic
ra
te

b ar
e
un

ch
an

ge
d
an

d
ar
e
s
�1 .

1.
1.
1

Ex
am

pl
e:

di
m
er
iz
at
io
n

M
an

y
m
em

br
an

e re
ce
pt

or
s r

ev
er
sib

ly
di
m
er
ize

to
fo
rm

a
re
ce
pt

or
-re

ce
pt

or
di
m
er
, a

nd
so
m
et
im

es

on
ly

th
e
di
m
er

ca
n
bi
nd

lig
an

d
an

d
sig

na
l d

ow
ns

tr
ea

m
.
The

di
m
er
iza

tio
n
re
ac

tio
n
is

un
us

ua
l.

Le
t R

de
no

te
a
re
ce
pt

or
an

d
R 2

de
no

te
a
di
m
er

of
re
ce
pt

or
s.

The
se

sp
ec
ies

sa
tis

fy
th

e
re
ac

tio
n

R
+

R

f�*)�b

R 2

The
ra
te

eq
ua

tio
ns

fo
r
th

is
sy
st
em

ar
e
at
yp

ica
l be

ca
us

e
tw

o
m
ol
ec
ul
es

of
R

ar
e
re
m
ov

ed

by
th

e
f

re
ac

tio
n

an
d

tw
o
m
ol
ec
ul
es

ar
e
re
lea

se
d

by
th

e
b
re
ac

tio
n.

Alth
ou

gh
th

e
as
so
cia

tio
n

re
ac

tio
n
pr

oc
ee
ds

at
th

e
ra
te

f [
R
]2

an
d
th

e
di
ss
oc

ia
tio

n
re
ac

tio
n
pr

oc
ee
ds

at
th

e
ra
te

b[R
2
],
we

ha
ve

d[
R
]

dt

=
�2f

[R
]2
+

2b
[R

2
]

(8
)

be
ca

us
e
tw

o
R

m
ol
ec
ul
es

ar
e
in
vo

lv
ed

in
bo

th
re
ac

tio
ns

. The
di
m
er
, R

2
, o

be
ys

d[
R 2

]

dt

=
f [
R
]2
�

b[R
2
]

(9
)

be
ca

us
e
on

ly
on

e
m
ol
ec
ul
e
of

di
m
er

fo
rm

s or
di
ss
oc

ia
te
s.

Su
m
m
in
g
Eq

. 8
an

d
tw

ice
Eq

. 9
gi
ve

s

d[
R
]

dt
+

2
d[
R 2

]

dt

=
0

(1
0)

im
pl
yi
ng

th
at

[R
] +

2[
R 2

] =
co

ns
ta
nt

=
[R

] 0
+

2[
R 2

] 0

(1
1)

3

Che
m

ica
lr

at
e

eq
ua

tio
ns

ar
e

us
ua

lly
writ

te
n

in
te

rm
sof

co
nc

en
tr

at
io

ns
,w

hi
ch

ar
e

m
ea

su
re

d

in
m

ol
ar

un
its

(n
um

be
ro

fm
ol

es
of

asu
bs

ta
nc

ep
er

lit
re

).
Le

t[
C

]d
en

ot
et

he
m

ol
ar

co
nc

en
tr

at
io

n

of
C

,t
he

n

[C
]=

nC
nA

V

(4
)

whe
re

nA
'

6.
02

⇥
1023

is
Avo

ga
dr

o’
s

nu
m

be
r

an
d

V
is

th
e

vo
lu

m
e

of
th

e
ce

ll
in

lit
re

s.
To

co
nv

er
tEq

.3
in

to
an

eq
ua

tio
n

fo
rth

e
ra

te
of

ch
an

ge
of

th
e

co
nc

en
tr

at
io

n
of

C
,w

e
m

us
tdi

vi
de

Eq
.3

by
nA

V
.Thi

sdi
vi

sio
n

gi
ve

s

d[
C

] dt
=

˜fn
AV

[A
][B

]�
b̃[C

]

(5
)

whe
re

[A
]i

sth
e

co
nc

en
tr

at
io

n
of

A
an

d
[B

]i
sth

e
co

nc
en

tr
at

io
n

of
B

.If
we

de
fin

e
m

ac
ro

sc
op

ic

re
ac

tio
ns

ra
te

s,
fo

rre
ac

tio
ns

in
vo

lv
in

g
co

nc
en

tr
at

io
ns

,a
s

f
=

˜fn
AV

b=
b̃

(6
)

th
en

d[
C

] dt
=

f[
A][B

]�
b[C

].

(7
)

The
un

its
of

th
em

ac
ro

sc
op

era
te

f
ar

eM�1
s�1

,a
nd

f
ha

san
up

pe
rb

ou
nd

gi
ve

n
by

a
re

ac
tio

n

th
at

is
di

↵u
sio

n-
lim

ite
d.

The
un

its
of

th
e

m
ac

ro
sc

op
ic

ra
te

bar
e

un
ch

an
ge

d
an

d
ar

e
s�1

.

1.
1.

1
Ex

am
pl

e:
di

m
er

iz
at

io
n

M
an

y
m

em
br

an
ere

ce
pt

or
sr

ev
er

sib
ly

di
m

er
ize

to
fo

rm
a

re
ce

pt
or

-re
ce

pt
or

di
m

er
,a

nd
so

m
et

im
es

on
ly

th
e

di
m

er
ca

n
bi

nd
lig

an
d

an
d

sig
na

ld
ow

ns
tr

ea
m

.
The

di
m

er
iza

tio
n

re
ac

tio
n

is
un

us
ua

l.

Le
tR

de
no

te
a

re
ce

pt
or

an
d

R
2

de
no

te
a

di
m

er
of

re
ce

pt
or

s.
The

se
sp

ec
ies

sa
tis

fy
th

e
re

ac
tio

n

R
+

Rf �*)�
bR

2

The
ra

te
eq

ua
tio

ns
fo

r
th

is
sy

st
em

ar
e

at
yp

ica
lbe

ca
us

e
tw

o
m

ol
ec

ul
es

of
R

ar
e

re
m

ov
ed

by
th

e
f

re
ac

tio
n

an
d

tw
o

m
ol

ec
ul

es
ar

e
re

lea
se

d
by

th
e

b
re

ac
tio

n.
Alth

ou
gh

th
e

as
so

cia
tio

n

re
ac

tio
n

pr
oc

ee
ds

at
th

e
ra

te
f[

R
]2

an
d

th
e

di
ss

oc
ia

tio
n

re
ac

tio
n

pr
oc

ee
ds

at
th

e
ra

te
b[R

2],
we

ha
ve

d[
R

] dt
=

�2f
[R

]2
+

2b
[R

2]

(8
)

be
ca

us
e

tw
o

R
m

ol
ec

ul
es

ar
e

in
vo

lv
ed

in
bo

th
re

ac
tio

ns
.The

di
m

er
,R

2,
ob

ey
s

d[
R

2] dt
=

f[
R

]2
�

b[R
2]

(9
)

be
ca

us
e

on
ly

on
e

m
ol

ec
ul

e
of

di
m

er
fo

rm
sor

di
ss

oc
ia

te
s.

Su
m

m
in

g
Eq

.8
an

d
tw

ice
Eq

.9
gi

ve
s

d[
R

] dt
+

2d[
R

2] dt
=

0

(1
0)

im
pl

yi
ng

th
at

[R
]+

2[
R

2]
=

co
ns

ta
nt

=
[R

]0
+

2[
R

2]0

(1
1)

3

Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Mesoscopic rates govern numbers of molecules, macroscopic rates 
govern concentrations

For associations, the mesoscopic rate depends on the cell’s volume – in larger 
volumes, it takes longer for two molecules to associate – but the macroscopic 
rate does not

the volume 
terms cancel

For disassociations, the mesoscopic and macroscopic rates are the same – they 
are determined by the lifetime of molecules.

The difference between 
mesoscopic and macroscopic 
rates is important for running 

stochastic stimulations.



Dimerisation is the only tricky example

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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5An association reaction removes two molecules of T, a dissociation reaction 
creates two molecules of T

The rate equations for this system are atypical because two molecules of T are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [T ]2 and the dissociation reaction proceeds at the rate b[T2] as
before, we have

d[T ]

dt
= �2f [T ]2 + 2b[T2] (2.12)

because two T molecules are involved in both reactions. The dimer, T2, obeys

d[T2]

dt
= f [T ]2 � b[T2] (2.13)

because only one molecule of dimer either forms or dissociates.
Summing Eq. 2.12 and twice Eq. 2.13 gives

d[T ]

dt
+ 2

d[T2]

dt
= 0 (2.14)

implying that
[T ] + 2[T2] = constant = [T ]0 + 2[T2]0 (2.15)

where [T ]0 is the initial concentration of monomers and [T2]0 is the initial concentration of
dimers.

The dimerization reaction only changes the form of T molecules, either from monomers to
dimers or vice versa, and does not lead to either the synthesis or destruction of T molecules.
Consequently, the number of T molecules is conserved and determined by the initial numbers of
monomers and dimers. The conservation law, Eq. 2.15, reflects that a dimer contains twice as
many T molecules as a monomer.

2.1.2 Di↵usion-limited reactions

Association rates are expected to be less than ' 109 M�1 s�1. All association reactions proceed
by the two reactants first finding each other and then reacting. We may estimate the fastest
rate at which such association reactions can possibly proceed by assuming that the reactants
react immediately once together, so that treac = 0 in Eq. 2.2. The upper bound on association
reactions is then determined from the time taken for the two reactants to di↵use together (tdi↵).
Using the di↵usion equation and assuming spherical reactants, this maximum rate is [1] (p. 314)

fmax = 4⇡Da (2.16)

where D is the sum of the di↵usion constants of the reactants and a is the typical size of a
reactant.

Remembering that D is measured in units of m2 s�1, note that fmax has units of volume per
second and is the inverse of the time for a pair of reactants to di↵use together in a unit volume.
We would like to convert these units to M�1 s�1 to be able to compare with standard association
rates. We therefore multiply both by Avogadro’s number so as to consider a mole of reactants
di↵using together (similarly to Eq. 2.10) and by 103 to convert the volume units from m3 to
litres:

f (in M) < fmax ⇥ na ⇥ 103. (2.17)
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where [T ]0 is the initial concentration of monomers and [T2]0 is the initial concentration of
dimers.

The dimerization reaction only changes the form of T molecules, either from monomers to
dimers or vice versa, and does not lead to either the synthesis or destruction of T molecules.
Consequently, the number of T molecules is conserved and determined by the initial numbers of
monomers and dimers. The conservation law, Eq. 2.15, reflects that a dimer contains twice as
many T molecules as a monomer.

2.1.2 Di↵usion-limited reactions

Association rates are expected to be less than ' 109 M�1 s�1. All association reactions proceed
by the two reactants first finding each other and then reacting. We may estimate the fastest
rate at which such association reactions can possibly proceed by assuming that the reactants
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Using the di↵usion equation and assuming spherical reactants, this maximum rate is [1] (p. 314)

fmax = 4⇡Da (2.16)

where D is the sum of the di↵usion constants of the reactants and a is the typical size of a
reactant.

Remembering that D is measured in units of m2 s�1, note that fmax has units of volume per
second and is the inverse of the time for a pair of reactants to di↵use together in a unit volume.
We would like to convert these units to M�1 s�1 to be able to compare with standard association
rates. We therefore multiply both by Avogadro’s number so as to consider a mole of reactants
di↵using together (similarly to Eq. 2.10) and by 103 to convert the volume units from m3 to
litres:

f (in M) < fmax ⇥ na ⇥ 103. (2.17)
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reactions is then determined from the time taken for the two reactants to di↵use together (tdi↵).
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fmax = 4⇡Da (2.16)

where D is the sum of the di↵usion constants of the reactants and a is the typical size of a
reactant.

Remembering that D is measured in units of m2 s�1, note that fmax has units of volume per
second and is the inverse of the time for a pair of reactants to di↵use together in a unit volume.
We would like to convert these units to M�1 s�1 to be able to compare with standard association
rates. We therefore multiply both by Avogadro’s number so as to consider a mole of reactants
di↵using together (similarly to Eq. 2.10) and by 103 to convert the volume units from m3 to
litres:

f (in M) < fmax ⇥ na ⇥ 103. (2.17)
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implying 

the constant is determined by the initial 
numbers of monomers and dimers

time

which is an example of a chemical rate equation.
Chemical rate equations are usually written in terms of concentrations, which are measured

in molar units – number of moles of a substance per litre. Let [C] denote the molar concentration
of C, then

[C] =
NC

nAV
(2.7)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 2.6 into an equation for the rate of change of the concentration of C, we must divide
Eq. 2.6 by nAV . This division gives

d

dt
· NC

nAV
= f̃

nA

naV
· nB

naV
naV � b̃

NC

nAV
(2.8)

and so
d[C]

dt
= f̃nAV [A][B] � b̃[C] (2.9)

where [A] is the concentration of A and [B] is the concentration of B.
If we define macroscopic reactions rates, for reactions involving concentrations, as

f = f̃nAV

b = b̃
(2.10)

then
d[C]

dt
= f [A][B] � b[C]. (2.11)

The units of the macroscopic association rate f are M�1 s�1. This rate should not change with
volume because molecular species are now measured in concentrations. The rate of association
of a pair of molecules, f̃ , does, however, depend on volume and will decrease in larger volumes
because it is more di�cult for molecules to find each other. The volume-dependence in Eq. 2.10
cancels out the volume-dependence of f̃ . In contrast, the units of the macroscopic rate b are
unchanged – remaining s�1 – because b describes a dissociation reaction that always occurs at a
rate independent of volume.

2.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer and transcrip-
tion factors often dimerize before binding to DNA, but the dimerization reaction is unusual.

Let T denote a transcription factor and T2 denote a dimer of two transcription factors. These
species satisfy the reaction
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1 Modelling biochemical reactions

1.1 Chemical rate equations

Consider two reactions: the first occurs when an A and a B molecule come together, react, and
form a C molecule; the second occurs when a C molecule dissociates back into an A and a B
molecule. For example, the A molecule could be a receptor on the cell membrane and the B
molecule could be an extracellular ligand. These two molecules come together reversibly to form
a receptor-ligand complex, C, which can signal intracellularly. Let the rate at which a pair of A
and B molecules associate into a C molecule be f̃ (measured in inverse seconds) and the rate at
which a C molecule dissociates be b̃ (also measured in inverse seconds), then:

A + B
f̃�*)�̃
b

C

The association rate, f̃ , is determined by two times: the time taken by a molecule of A and
a molecule of B to find each other by di↵usion, tdi↵ , and the time taken for the two molecules
to react once in physical proximity, treac. We can write

f̃ � (tdi↵ + treac)
�1 . (1)

We wish to describe how the number of C molecules, NC , changes with time. Over a small
interval of time dt, the association and dissociation reactions will both occur (we will include
stochastic e↵ects later). The number of pairs of A and B molecules is NANB, and f̃dtNANB of
these pairs will associate over a time dt. The number of C molecules that dissociate over dt is
b̃dtNC . Therefore, the number of C molecules at a time t + dt is the number of C molecules at
time t plus the number gained in association reactions and minus the number lost in dissociation
reactions:

NC(t + dt) = NC(t) + f̃dtNANB � b̃dtNC . (2)

Taking the limit of dt going to zero, we have

dNC

dt
= f̃NANB � b̃NC (3)

which is an example of a chemical rate equation.
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Chemicalrateequationsareusuallywrittenintermsofconcentrations,whicharemeasured
inmolarunits(numberofmolesofasubstanceperlitre).Let[C]denotethemolarconcentration
ofC,then

[C]=
nC

nAV
(4)

wherenA'6.02⇥10
23

isAvogadro’snumberandVisthevolumeofthecellinlitres.To
convertEq.3intoanequationfortherateofchangeoftheconcentrationofC,wemustdivide
Eq.3bynAV.Thisdivisiongives

d[C]

dt
=f̃nAV[A][B]�b̃[C](5)

where[A]istheconcentrationofAand[B]istheconcentrationofB.Ifwedefinemacroscopic
reactionsrates,forreactionsinvolvingconcentrations,as

f=f̃nAV
b=b̃

(6)

then
d[C]

dt
=f[A][B]�b[C].(7)

TheunitsofthemacroscoperatefareM�1
s�1

,andfhasanupperboundgivenbyareaction
thatisdi↵usion-limited.Theunitsofthemacroscopicratebareunchangedandares�1

.

1.1.1Example:dimerization

Manymembranereceptorsreversiblydimerizetoformareceptor-receptordimer,andsometimes
onlythedimercanbindligandandsignaldownstream.Thedimerizationreactionisunusual.
LetRdenoteareceptorandR2denoteadimerofreceptors.Thesespeciessatisfythereaction

R+R
f

�*)�
b

R2

TherateequationsforthissystemareatypicalbecausetwomoleculesofRareremoved
bythefreactionandtwomoleculesarereleasedbythebreaction.Althoughtheassociation
reactionproceedsattheratef[R]

2
andthedissociationreactionproceedsattherateb[R2],we

have
d[R]

dt
=�2f[R]

2
+2b[R2](8)

becausetwoRmoleculesareinvolvedinbothreactions.Thedimer,R2,obeys

d[R2]

dt
=f[R]

2
�b[R2](9)

becauseonlyonemoleculeofdimerformsordissociates.SummingEq.8andtwiceEq.9gives

d[R]

dt
+2

d[R2]

dt
=0(10)

implyingthat
[R]+2[R2]=constant=[R]0+2[R2]0(11)

3

closed

openrefractory

k1

k2

k3

k-1
k-2

k-3

Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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Chemical rate equations are usually written in terms of concentrations, which are measured
in molar units (number of moles of a substance per litre). Let [C] denote the molar concentration
of C, then

[C] =
nC

nAV
(4)

where nA ' 6.02 ⇥ 1023 is Avogadro’s number and V is the volume of the cell in litres. To
convert Eq. 3 into an equation for the rate of change of the concentration of C, we must divide
Eq. 3 by nAV . This division gives

d[C]

dt
= f̃nAV [A][B] � b̃[C] (5)

where [A] is the concentration of A and [B] is the concentration of B. If we define macroscopic
reactions rates, for reactions involving concentrations, as

f = f̃nAV
b = b̃

(6)

then
d[C]

dt
= f [A][B] � b[C]. (7)

The units of the macroscope rate f are M�1 s�1, and f has an upper bound given by a reaction
that is di↵usion-limited. The units of the macroscopic rate b are unchanged and are s�1.

1.1.1 Example: dimerization

Many membrane receptors reversibly dimerize to form a receptor-receptor dimer, and sometimes
only the dimer can bind ligand and signal downstream. The dimerization reaction is unusual.
Let R denote a receptor and R2 denote a dimer of receptors. These species satisfy the reaction

R + R
f�*)�
b

R2

The rate equations for this system are atypical because two molecules of R are removed
by the f reaction and two molecules are released by the b reaction. Although the association
reaction proceeds at the rate f [R]2 and the dissociation reaction proceeds at the rate b[R2], we
have

d[R]

dt
= �2f [R]2 + 2b[R2] (8)

because two R molecules are involved in both reactions. The dimer, R2, obeys

d[R2]

dt
= f [R]2 � b[R2] (9)

because only one molecule of dimer forms or dissociates. Summing Eq. 8 and twice Eq. 9 gives

d[R]

dt
+ 2

d[R2]

dt
= 0 (10)

implying that
[R] + 2[R2] = constant = [R]0 + 2[R2]0 (11)
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A system is at steady-state when concentrations do not change with 
time – they are fixed, or steady

time

co
nc

en
tr

at
io

n 
(m

M
)

[A]

steady-state

transient

d[A]

dt
= 0

<latexit sha1_base64="sxJ5CUVY6JUegeHGkVQw2fmmB7Q="></latexit>

At steady-state We will often study systems at 
steady-state because their 
behaviour is then simpler.


